We demonstrated nonperturbative high harmonics induced by intense mid-infrared light up to 18th order that well exceed the material bandgap in monolayer transition metal dichalcogenides.
bandgap transition from bulk to monolayer form 18, 19 , extremely large exciton binding energy 20 , and valley pseudospin physics arising from inversion symmetry breaking and a large spin-orbit interaction 21, 22 . Liu et al. found that the even-order high harmonics are predominantly polarized perpendicular to the pump laser and attributed this to the intraband anomalous transverse current arising from the material's Berry curvature 17 . On the other hand, a recent experiment with an optical pump showed that the interband contribution dominates the intraband one in bulk ZnO 23 .
Liu et al. also showed that the even orders of HHG are enhanced at much higher energies compared with the lowest exciton or bandgap energy, while the odd orders are monotonically suppressed at higher energies. The enhancement at higher orders and its relation to the perpendicular polarization of even-order HHG is not yet understood.
In this study, we systematically investigated HHG from four kinds of monolayer TMDs with different bandgap energies (MoSe2, WSe2, MoS2, and WS2) to examine the resonance effect and polarization of HHG in monolayer TMDs. By comparing the HHG and optical absorption spectra of the monolayer TMDs, we found that HHG is enhanced when it is in resonance with the optical transition due to band nesting, indicating that the interband polarization mainly contributes to the HHG. A simple calculation that is an extension of the three-step model for electron-hole pairs in solids shows that the electron-hole pairs driven to the band nesting region significantly contributes to the resonance enhancement and the valley polarization of the electron-hole pairs in the anisotropic band around the ! and !' points polarizes the HHG.
Results

High harmonic spectra from monolayer TMDs
We excited the monolayer TMDs by using mid-infrared pulses (0.26 eV photon energy, 1.7
TW/cm 2 peak intensity) and detected HHG in the near-infrared to ultraviolet energy region (see the Methods and Fig. S1 ). Figure 1 shows the high harmonic spectra from fifth to sixteenth order of (a) MoSe2, (b) WSe2, (c) MoS2, and (d) WS2 monolayers. We set the polarization of the midinfrared pulses in parallel with the M-M (M=Mo, W) direction (see the Methods). The polarization of the even-order harmonic radiation was perpendicular to that of the incident laser light, while the polarization of the odd-order harmonics was parallel ( Supplementary Fig. 3 ) 17 . Exciton luminescence was not observed, while the HHG well exceeding the bandgap was generated. This would occur when HHG is not mainly due to the intraband nonlinear current that leaves the electron-hole pairs after HHG is emitted but rather due to the interband polarization, which does not leave incoherent electron-hole pairs after HHG is emitted. the optical absorption spectra. In the absorption spectra, the peaks labeled A and B are attributed to so-called A and B excitons, consisting of electrons and holes localized in the ! valleys in momentum space. In addition, the band structures of the monolayer TMDs have a band nesting region, causing van Hove singularities in the joint density of states 24, 25 . The band nesting results in strong optical absorption at higher photon energies (labeled C and D in the figure) 26,27 . As shown 6 in Fig. 2(a) , the intensity of the 10th harmonic in monolayer MoSe2 is larger than that of the 8th, and the intensity of the 14th harmonic is larger than that of the 12th. By comparison, the intensities of the odd orders monotonically decrease with increasing order (Fig. 1a) . Interestingly, the energies of the 10th and 14th harmonics coincide with the absorption peaks C and D. This is not only the case in MoSe2. Figures 2(b)-2(d) also show enhancements at the band nesting energies for WSe2, MoS2, and WS2. The observed enhancement in HHG when it is in resonance with the interband optical transition strongly suggests that the interband contribution is dominant in HHG.
Interband resonant enhancement of HHG
Polarization selection rules of HHG
The resonant enhancement of HHG indicates that the interband polarization mainly contributes to HHG. The question is how the perpendicular polarization arises in the even-order harmonics.
The transverse current due to a material's Berry curvature might not contribute to interband HHG.
Here, we will discuss the mechanism of HHG in monolayer TMDs on the basis of a semi-classical three-step model in solids. The discussion is fundamentally the same as the one on the polarization of high-order sideband generation in Ref. [28] . In our experiment, the incident light was linearly polarized; i.e., it was a linear combination of left-and right-hand circular polarized light. In the strong-field regime, therefore, electron-hole pairs are generated coherently by Zener tunneling at the ! and !' points in the two-dimensional hexagonal Brillouin zone. We will assume that electron-hole pairs are created when the electric field of the incident light reaches positive or negative maxima. Since the generated electrons and holes are accelerated differently in the conduction and valence bands, their motions are asymmetric in real space (Fig. 3c) . When the electron and hole meet again in real space (the circle in Fig. 3d ), electron-hole recombination 7 occurs and HHG is emitted. The electron-hole pairs at the positive peak field (# = 0 in Fig. 3d) through excitation with a polarization along the zigzag direction (Fig. 3a) have anisotropic driving processes: those created at the ! point are driven in the ! − ' − !′ direction, while those created at the !' point are driven in the !′ − ) − ! direction. This anisotropy in turn causes anisotropic acceleration and recombination dynamics in the K and K' bands (0 < # < +/2). The dynamics of the electron-hole pairs generated at the negative peak field (# = +/2) are the reverse of those generated at the positive peak field (+/2 < # < +). On the other hand, when the excitation light is polarized along the armchair direction, the electron-hole pairs generated at the positive peak field and those generated at the negative peak field have the same dynamics in the K and K' bands ( . Because of the rapid acceleration in k-space due to the strong field, the spin states of electrons and holes do not change during the whole process.
Therefore, 5 4 and 5 7 emissions arise from the recombination of the electron-hole pairs that were originally generated at the ! and !' points, respectively.
8
The periodicity of the incident light with the polarization of the zigzag direction follows the relation:
This directly gives the selection rules:
and
By considering . (3) and (4) tell us that the odd-order HHG has parallel polarization and even-order HHG have perpendicular polarizations to the incident light.
On the other hand, the electric field of the excitation is described with the polarization of the armchair direction (V axis) of the mid-infrared excitation, as . BWXYZB@W
One can deduce the rules:
Equations (5) and (6) lead to the following equations:
This means that 3 : HHG (#) = 0 and only odd-order HHG can appear with the parallel (armchair) polarization (V axis). The polarization selection rules of the HHG obtained here explain the results of our experiment and Ref. [17] .
Calculation of dynamics of electrons and holes by semi-classical treatment
To understand the resonant effect of interband HHG in the band nesting energy region, it is worthwhile to know where the recombined electron-hole pairs are in momentum space. Here, we calculated the electron-hole dynamics in real and momentum space for monolayer MoS2 on the basis of the three-step model. The valence and conduction band were given by a tight-binding model without spin-orbit couplings 28, 29 (see the Supplementary Information). This is sufficient when the ballistic acceleration within the Brillion zone is taken into account. We supposed that the incident light in the calculation has a sine-like electric field with a maximum field of 27 MV/cm and a polarization in the zigzag direction (see the Supplementary Information for the case of the polarization in the armchair direction). Moreover, we assumed that the electron-hole pairs are created at the ! and !' points when the electric field reaches a peak (at # = 0, +/2, +, … in (Fig. 3b) .
Here, we propose an extension of the conventional three-step model that includes quantum mechanical effects for electron-hole pairs in solids: the trajectories of electrons and holes in momentum space are calculated using the equation of motion for Bloch electrons: ℏk̇= bE, where k is the electron's wave vector, q its charge, and E the electric field. In real space, we should consider a wave packet of Bloch electrons or holes. The equation of motion should be ṙ= ℏ 7e fg(k)/fk. It is obvious that the wave packet can occupy any lattice site in real space due to quantum effects. Therefore, we considered several trajectories starting from different atomic sites.
Figures 4a (4b) shows the real-space trajectories of the carriers generated at # = 0 at the ! (!') point. The green curves indicate the motion of a hole generated at >/h = 0. The black dashed curves show the motion of electrons generated at several neighboring atomic sites around the hole generation site (>/h = 0). HHG emissions can happen when an electron and hole meet again in real space. For a hole generated at the ! point, there are four ways for it to recombine with the electrons, marked as circles in Fig. 4a . In this case, it should be noted that the hole recombines with an electron generated at a different atomic site. This would be a characteristic feature of HHG in solids. For the hole generated at the !' point, there are also four recombination possibilities, marked as circles in Fig. 4b . By comparing the dynamics in real space with those in momentum space, one can determine the momentum and energy of electron-hole pairs at the recombination time. The circles in Fig. 4c represent the recombined electron-hole pairs generated at # = 0 in momentum space. The blue solid (red open) circles indicate the electron-hole pairs generated at the ! (!') point, which result in an i 4 (i 7 ) emission. The two pairs generated at the ! points with a narrower energy distribution than those of the latter, which cause the resonant enhancement in the band nesting energy. Figure 4d shows the same kind of plot as Fig. 4c for the electron-hole pairs generated at # = +/2. A half period later, the dynamics in momentum space reverse and the electron-hole pairs generated at the !' point reach the band nesting region. From the viewpoint of the polarization selection rule, the alternating nature of the dynamics in the ! and !' valleys at # = 0 and # = +/2 is important. The interband emission process changes every half period of the incident light; that is, light with the same photon energy but opposite helicity is emitted in the subsequent half period. As discussed in the previous section, the asymmetric nature of the dynamics in the ! and !' valleys directly leads to polarization selection rules.
Discussion
In summary, we investigated generation of high harmonics in monolayer TMDs. By comparing four monolayer TMDs, we found resonant enhancement of HHG with the interband optical transition due to band nesting effects. We also found that the interband polarization of the valley polarized electron-hole pairs alternately in every half cycle of the fundamental period and that this led to polarization of the interband HHG. Our findings give the important indication that the nonlinear interband polarization significantly contributes to high harmonic generation in solids and opens the way for attosecond science with monolayer materials having widely tunable electronic structures.
Methods
Samples. The monolayer TMDs were grown on sapphire substrates by chemical vapor deposition.
The WS2 and WSe2 monolayers were prepared using the method reported in Ref. [31] , and MoS2
and MoSe2 were purchased from 2d Semiconductors, Inc. The monolayer nature of the TMD samples was confirmed by photoluminescence and Raman spectroscopy.
Experiments. Supplementary Fig. 1 shows the experimental configuration. A mid-infrared femtosecond laser pulse was generated using a differential frequency generation (DFG) configuration consisting of a combination of a Ti:sapphire based regenerative amplifier (800 nm center wavelength, 35 fs pulse duration, 1 kHz repetition rate, and 1 mJ pulse energy) and a - Fig. 2a ). Assuming a Fouriertransform-limited pulse, the pulse duration was estimated to be 25 fs. The maximum intensity of the pump pulse at the sample was 1.7 TW/cm 2 , corresponding to an electric field of 27 MV/cm inside the monolayer TMDs, when taking into account the reflectivity of the substrate. The generated HHG was collected by a fused-silica lens (f = 50 mm) and analyzed by a grating spectrometer (iHR320, Horiba) equipped with a Peltier-cooled charge-coupled device camera The CVD samples had many crystal domains of monolayers, and their crystal orientations on the substrate varied. We measured the harmonic spectra at the position on the sample where strong even-order high harmonics were observed; that is, the crystal orientation with respect to the polarization of the incident laser was optimized to maximize the even-order harmonics.
Supplementary Fig. 3 shows the polarization of the ninth and twelfth harmonics of the radiation.
The even-order harmonics have perpendicular polarization, while the odd-order harmonics are parallel to the incident light polarization. 
II. Supplementary Note 2: Nonperturbative behavior of HHG in monolayer
MoS2
Supplementary Fig. 4 shows the intensity of the high harmonics generated from monolayer MoS2 as a function of the peak power of the excitation pulses Iexc.. The power dependence shows a saturation-like behavior, whereas it should show an ! " dependence (n means harmonic order) in the perturbative limit. All of the observed, both even and odd, harmonics show an ~! $ dependence at the highest excitation power used in this study. The power dependence confirms the nonperturbative behavior of HHG in monolayer TMDs. The parameters given in Ref. [1] are summarized in Table 1 . 
IV. Supplementary Note 4: Calculated dynamics of electrons and holes under mid-infrared excitation with the armchair polarization
In the main text, we used the extended three-step model to examine the dynamics of electrons and holes with the zigzag-polarization excitation. Here, we discuss the dynamics for the armchairpolarization excitation. Fig. S6(a) shows the group velocity map of the conduction band electrons in momentum space, as calculated with the tight binding model. With the armchair polarization (in the ky direction represented by the orange arrows), the wave packets of Bloch electrons are accelerated not only in the y direction but also in the x direction in real space, whereas they are accelerated only in the x direction with the zigzag excitation (in the kx direction represented by the green arrows). We regard a collision of an electron and hole as a pair whose separation is smaller than 0.05a. Here, we assume that these electron-hole pairs are generated at the J and J' points at 8 = 0, at which the positive peak of the incident light field occurs. We calculated the dynamics of a hole generated at (\, ]) = (0,0) and several electrons generated at 60 neighboring atomic sites in addition to the atomic site of the hole. We limited the collision time to a half cycle of the incident light field (0 < 8 < _/2). The two circles in Fig. S6(b) show the recombined electron-hole pairs in momentum space. Even with the armchair polarization, the electrons and holes recombine and HHG is emitted. However, we would like to stress that the collision dynamics of the electrons and holes generated at the J points are equivalent to those at the J' points, as is clearly shown in Fig.   S6 (b). In addition, the dynamics in the ranges 0 < 8 < _/2 and _/2 < 8 < _ are symmetric.
From the symmetry analysis in the main text, these features cause only odd-order harmonics to be generated; that is, there is no even-order HHG in the case of the armchair direction.
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